Analytical asymptotic expressions for the small-angle scattering intensities of cylindrical, spherical and planar lamellar grains are determined. Denoting the lamellar spacing by D and the number of lamellae by N, it is found that in the corresponding Porod plots, the positions of the main peaks, whatever the shape, are nearly given by 2k%aD, where k is a positive integer. At a ®xed number of lamellar grains, the heights of the main peaks in the three cases increase with N as N 3 , N 4 and N
Introduction
X-ray and neutron scattering experiments and, more recently, electron microscopy have revealed a great variety of microscopic textures of amorphous materials. For instance, in some triblock copolymers it has been observed that the shapes of particles change from spheres to cylinders and then to planar lamellae as the molecular weights of the polymer blocks are varied (Yu, Dubois et al., 1996) . Shapes that are more complicated than those just mentioned have also been observed (see, e.g., Yu, Zhang et al., 1996) . However, spherical and cylindrical lamellae have not yet been observed, despite their relative simplicity. Since expressions for and the main features of the small-angle intensities scattered by these kinds of systems do not appear to have been reported, in this paper we aim to ®ll this gap with the hope that the knowledge of these behaviours might be of help in the detection of such systems. In particular, we shall work out the expressions of the asymptotic leading terms of the small-angle scattering (SAS) intensities relevant to isotropic samples consisting of monodisperse ideal lamellar grains having the shapes of spheres or cylinders. The case of planar lamellae is derived by an appropriate limit of the lamellar spherical shape. Though our analysis is con®ned to the asymptotic behaviours, it will be shown that the resulting expressions are already quite accurate in the momentumtransfer ( h) range hD ! 2%aN, where D is the lamellar spacing and N the number of lamallae.
The plan of the paper is as follows. In xx2.1, 2.2 and 2.3 we obtain the analytical asymptotic expressions of SAS intensities of cylindrical, spherical and (for greater completeness) planar lamellae, respectively. The resulting expressions are discussed in x3 and the results are summarized in x4. Appendices A and B are devoted to mathematical details.
Analytical expressions

Right circular cylindrical lamellae
Let us ®rst consider the case of a`grain' consisting of N coaxial right circular cylindrical lamellae of height H, spacing D and thickness t. For simplicity, in the following we shall simply speak of cylindrical lamellae (CL) or lamellar cylinder, which must not be confused with a cylinder consisting of planar lamellae orthogonal to its axis. Fig. 1 depicts a section, orthogonal to the cylindrical axis, of a CL`grain' with N = 2. The 2N circles represent the sections of the CL lateral surfaces, the radii of which form the sequence: (D À t), D, (2D À t), F F F , ND. The electron density of the innermost region, i.e. the cylinder with radius (D À t), is n 1 , that of the next cylindrical shell, with inner and outer radii respectively equal to (D À t) and D, is n 2 , and so on. For simplicity, we assume that the considered grain is immersed in a homogeneous medium with electron density n 1 . If we denote by n 1 A(h, R, H) the scattering amplitude relevant to a cylinder of radius R, height H, and electron density n 1 , the total amplitude relevant to the considered CL grain is
the isotropic scattering intensity, is obtained by averaging |A CL (h)| 2 over all possible directions 3 of the momentum transfer (h = h 3), where h = 4%a! sina2, with ! and denoting the radiation wavelength and the scattering angle, respectively. Thus, by equation (1), the knowledge of I CL (h) requires the calculation of the angular average of
AhY R 2 Y H, where R 1 and R 2 are two generic radii, the overbar denotes the complex conjugate and`denotes the real part. This average was explicitly calculated for the case R 1 = R 2 = R, where it yields the intensity scattered by a homogeneous cylinder of radius R and height H. The resulting expression, ®rst obtained by Miller & Schmidt (1962) [see also the work of Ciccariello (1989) and a note on page 511 of the paper by Ciccariello (1991a) ], involves elliptic functions and is therefore of poor practical usefulness. Quite similarly, a closed form of (1) will also involve elliptic functions, so as to be practically useless. This dif®culty can be circumvented in the h range in which the condition ht > 2% turns out to be ful®lled, because in that region I CL (h) can fairly be approximated by its asymptotic leading term, the analytic expression of which only involves elementary functions. Furthermore, it will appear clear later that the h range in which the asymptotic expression is already satisfactorily accurate is h ! 2%aND which, for reasonable values of N and D (e.g. N ! 5 and D ! 50 A Ê ), practically coincides with the explored h range.
In general, the asymptotic leading term of SAS intensities has the following form:
On the right-hand side, the ®rst term ah 4 is the well known Porod contribution (Porod, 1951a,b) , while the cosine and sine modulated contributions depend on the parallelism among interfaces. For the general proof of this result as well as for the expressions of coef®cients g { and | , we refer the reader to the work of Ciccariello (1991b). Here, it will be shown how to obtain the leading asymptotic term of the CL intensity from the previous result. First of all, recall that the mathematical condition of parallelism for two surfaces is equivalent to saying that the two surfaces coincide with the con®gurations taken by a wave front at two different times during its propagation. Denote by the distance travelled by the wave front between the two instants. Then, according to Huygens' principle, one surface will be the envelope of the spheres of radius centred on the points of the other surface. is the distance between the two parallel surfaces. Looking now at the way each of these spheres is tangent to the envelope surface in a neighbourhood of the tangency point, two cases are possible.² Each sphere lies on one side of the envelope surface and, in this case, the parallelism is said to be elliptic and contributes with a cosine term on the right-hand side of (2). In the other case, each sphere lies on both sides of the envelope surface, and the parallelism, called hyperbolic now, contributes with a sine term on the right-hand side of (2).
These results are now applied to the geometrical interfaces of a CL grain. Consider, for de®niteness, a lateral cylindrical surface of radius (mD À t), denoted by AE (see Fig. 1 where N = 2 and take, for instance, m = 2). Imagine at ®rst this surface as a wave front propagating inwards. After the wave front has travelled through = (D À t), it clearly superposes on the lateral surface of radius (m À 1)D. Moreover, each sphere of radius , centred on AE, lies in the region external to that bounded by the lateral surface of radius (m À 1)D. One concludes that the lateral surfaces with radii (mD À t) and mD are elliptically parallel for the relative distance = (D À t). The same conclusion holds true for = D, (2D À t), 2D, F F F , (m À 1)D, as the wave front progresses inwards. The former values are the differences between the radius of AE and those of the internal lateral surfaces. However, as the wave front progresses, further parallelisms occur and these turn out to be hyperbolic. In fact, once the outset wave front has passed through, e.g., the distance = (m + 1)D À 2t, it will again superpose on the lateral surface with radius (D À t), but each sphere of radius = (m + 1)D À 2t, centred on AE, lies partly outside (this happens in the plane of Fig. 1 ) and partly inside (this happens on the plane through the axis of the CL and the centre of the sphere) the region bounded by the lateral surface with radius (D À t) [see also Fig. 1 of Ciccariello (1989) ]. By the same considerations, it appears evident that AE is hyperbolically parallel to all the lateral surfaces of the considered CL grain for = (m
It is noted that the former values are the sums of the radius of AE with those of all the lateral surfaces. In particular, the value = 2(mD À t) corresponds to the fact that AE is parallel to itself for this distance. We must still consider the case starting with AE propagating outwardly. In this case, it is evident that further elliptic parallelisms occur for = t, D, 2D + t, F F F , (N À m)D + t, which are the differences of the radii of the lateral surfaces external to AE and the radius of AE. Overall, the elliptical parallelism occurs for the (strictly positive) distances equal to the differences of two arbitrary radii, i.e. for jn À mjDY jn À mjD À tY jn À mjD tY 3a and the hyperbolic parallelism occurs for the distances equal to the sum of two radii, i.e. for
where m and n range between 1 and N. After determining the set of parameters that have to be considered in the two sums on the right-hand side of (2), we simply need to recall that the expressions of g { and | for two coaxial cylindrical surfaces of radii R 1 and R 2 and height H can immediately be obtained from equation (3.3) of Ciccariello (1991a) . They respectively are
where ' 1 and ' 2 are two unit vectors, at a relative distance , orthogonal respectively to the cylindrical surfaces with radii R 1 and R 2 and pointing externally to phases 1 and 2; 4 is equal to 1 or to À1, depending on whether a sphere of radius r 9 , centred on one of the two surfaces, intersects the other one as r < or r > , respectively. In order to write down the asymptotic leading contribution to the scattered intensity, we simply need to combine equations (2), (3) and (4). To this aim, it must be noted that g { ( | ) is the sum of the contributions, having form (4a) [(4b) ], for all the interfaces which are elliptically (hyperbolically) parallel to one another at a relative distance { ( | ). Hence the sum over { (|) in (2) can be expressed as a double sum over m and n, where m and n label the cylindrical surfaces. Before writing down the ®nal expression, it is convenient to express the quantities involved in terms of D. To this end, we specify HaDY ( taDY q hD 5a and
Then, the Porod contribution arising from the lateral surfaces reads
and that arising from the elliptically parallel lateral surfaces is
and that arising from the hyperbolic parallel surfaces is
The ranges of the summation indices, present in the equations above, follow from the fact that the symmetry of the double sums as well as the contributions arising from radii mD and mD À t were explicitly accounted for. Besides terms (6a), (6b) and (6c), we must also consider the contributions arising from the two bases. More precisely, we have to consider the contribution of the opposite rings with inner and outer radii equal to (mD À t) and mD, respectively, with m = 1, F F F , N. These surfaces are planar and elliptically parallel, and their relative distance is H. Thus, the further contribution is
where the ®rst term within the braces is the Porod contribution and the second arises from the parallelism condition. Expression (6d) immediately follows from the ®rst two terms on the right-hand side of equation (3.4) of Ciccariello (1991a) . In conclusion, the leading asymptotic term of the isotropic intensity, scattered by the considered CL grain, is
CL hX 6e Its behaviour will be discussed in x3. It is of some interest to note that results (6a)±(6e) can easily be modi®ed so as to yield the asymptotic intensity relevant to a wedge of a CL grain, provided that the edge of the wedge coincides with the axis of the CL. In fact, denoting by the dihedral angle of the`CL wedge', expressions (6a), (6b) and (6d) must be multiplied by a2%, and (6c) by max 0Y À %a%. [Note that the last factor is zero for < %, because in this case no hyperbolic parallelism can occur (see the discussion at the beginning of x2.3).] Finally, the Porod contribution 4%Nn 1 À n 2 2 (D 6 aq 4 , owing to the`lateral' surfaces of the CL wedge, must also be taken into account.
Spherical lamellae
Here we formulate the asymptotic intensity relevant to a`grain' consisting of N concentric spherical lamellae (SL) with spacing D and thickness t. Clearly, Fig. 1 can also be looked at as the section of an SL grain along an equatorial plane. From the ®gure it appears evident that all the interfaces are now elliptically parallel while their relative distances are still given by equations (3a) and (3b). Thus, the analysis of SLs is similar to that of CLs, apart from the following changes. Firstly, the sine functions must be substituted with cosine functions. Secondly, expressions (4a) and (4b) must be substituted with
viz. the expression relevant to two (parallel) spherical surfaces with radii R 1 and R 2 [see equation (3.1) of Ciccariello (1991a) ]. Thirdly, the contribution (6d) has to be omitted since no bases are present. Finally, Porod's contribution relevant to spheres (instead of cylinders) has to be considered. The second of the previous remarks and the comparison of (7) with (4a) and (4b) imply that: in (4a), one has to use 2(R 1 R 2 ) instead of
1/2 must be substituted with 2(R 1 R 2 ), 4 always being equal to 1 because = R 1 + R 2 . In this way, the leading asymptotic term of the isotropic intensity, scattered by the considered SL grain, is found to be
where I P,SL (h) is the Porod contribution given by
while the remaining terms, arising from the parallel spherical surfaces, are given by
Note that contribution I a cYSL corresponds to (6b), while I b cYSL and I c cYSL correspond to the single and double sum, respectively, of (6c), after accounting for the changes described above. Similarly to`CL wedges', from the previous results one obtains the asymptotic intensity behaviour for an`SL cone', i.e. the section of an SL grain with a solid angle having the vertex at the centre of the SL. In fact, expressions (8b) and (8c) must simply be multiplied by a4%,
and (8e) by max 0Y À 2%a2% and, ®nally, one has to add the Porod contribution owing to the`stripes' resulting from the intersection of the SL grain with the cone.
Planar lamellae
The case of planar lamellae (PL) is quite easily handled after observing that the discussion presented in the previous subsection holds true when the radii of all the spherical surfaces are increased by R. The case of N planar lamellae is obtained through the following limiting procedure. First, one considers the portion of an SL grain contained in a (small) solid angle , depicted by the two broken half-lines emanating from C in Fig. 1 . Then, coef®cient g in equation (7) becomes
This is the contribution of the parallel surfaces resulting from the sections of the two concentric spheres of radii R 1 and R 2 with solid angle . Moreover, R 1 and R 2 are now two generic values among the set of values {(R + mD), (R + mD À t), m = 1, F F F , N}. It is also obvious that no parallelism occurs for = (R 1 + R 2 ), because no interface is present outside . The limits R 3 I and 3 0 are now performed in such a way that R 2 = S = constant. In this limit, the spherical sections become planar surfaces and one recovers the case of planar lamellae with surface area S. The corresponding limit of (9) yields 2%Sn 1 À n 2 2 ' 1 Á ' 2 4, which depends on the considered parallel surfaces only through 4. This result implies that coef®cients g | , whatever the radius values, have always the same value, except for the sign factor 4. Thus, the asymptotic leading term of the isotropic intensity, scattered by N planar lamellae with spacing D, thickness t and area S, is simply obtained from (8b) and (8c) through the following changes. Firstly, I 0,sph is substituted with I 0,pln = 2%(n 1 À n 2 ) 2 SD 4 . Secondly, the numerical coef®cients inside the sums are evaluated for m = n = 1 and ( = 0. Finally, contributions (8d) and (8e) are neglected because no parallelism for distances equal to the sum of two radii can occur when < 2%. In this way one obtains
Discussion
The implications of the aforesaid results are now analysed. We start from the case of planar lamellae.
First, it will be shown that equation (10) coincides with the expression obtained by Vonk & Kortleve (1967) . In fact, the double sum present in (10) can be written as
The expression inside the curly brackets of (10) becomes 
The h-dependence of I t,as,PL (h) coincides with that reported by Vonk & Kortleve (1967) (see also Balta Â -Calleja & Vonk, 1989) and by Shibayama & Hashimoto (1986) for the case of ideal planar lamellae. Vonk's derivation of (12a) was based on the assumption that the correlation function of the sample can be factorized into the product of two correlation functions related, respectively, to the distances parallel and orthogonal to the lamellar axis. Vonk's assumption can, however, be avoided. In fact, Shibayama & Hashimoto (1986) showed that at large q, the q-dependence shown on the right-hand side of (12a) (particularly the q À4 factor) is derived from the angular average of the intensity relevant to a PL grain and evaluated along the axis thereof. Our derivation starts from the angularly averaged intensity and uses the property that the asymptotic intensity behaviour is determined by the parallel interfaces present in the sample. It also gives the numerical factor expression (12b), not reported by the above-cited authors, and it ensures that equation (12) is quite accurate in the h range where conditions hD > ht > 2% are ful®lled, and reasonably accurate in the region where hD > 2% > ht. Actually, as will appear clear later, equation (12) in the outer part of the explored h interval, then it will be possible to determine D, N and t values by a best-®t procedure. Concerning the behaviour of the left-hand side of (13), note that the expression on the right-hand side of (13) coincides with the intensity diffracted by a regular grating of N slits of width t separated by D. From elementary optics (see, e.g., Alonso & Finn, 1983) , it is known that the main peaks are, to a fair approximation, located at h k = 2k%aD, where k is a (positive) integer, and that their width and their largest height are proportional to N À1 and N 2 , respectively. The secondary peaks, present around each main peak, are hardly observable, particularly for large N. The actual heights of the main peaks are fairly enveloped by the function
which mainly depends on the lamellar thickness t.
We consider now the case of spherical lamellae. For a single SL grain, the scattered intensity can be exactly calculated as shown in Appendix A. Assuming, as in the case just discussed, that the sample contains x randomly distributed grains, the total intensity is
[see equation (22)]. It must be noted that (15a) holds exactly true only when interference among different grains is negligible. This condition is met when h is suf®ciently large to ful®l the condition ht > 2% (once it has been assumed that the distances among SL grains are larger than t). In this case, however, one can use the leading asymptotic term of I SL (h), i.e. equation (8a). Then, using equation (24), one ®nds
where the prime denotes the derivative with respect to q. Thus, the Porod plot of the observed scattering intensity of a monodisperse collection of spherical lamellae must behave asymptotically as
where the expression for a H (q, N, () is given by equation (25). As discussed below equation (26), the main peaks of [a H (q, N, ()] 2 are approximately located, as for PL grains, at h k = 2k%aD, k being a positive integer. Further, the heights of these peaks are approximately enveloped by the function
as is immediately obtained from (16b) and (25). p SL (h, N, t) increases proportionally to 2N 4 with N and is approximately equal to 2p 2 PL hY NY t. Finally, the case of cylindrical lamellae is discussed in a similar way. For simplicity, we shall con®ne ourselves to the case where H ) D, so that contribution (6d) can be safely neglected. [In practice, this condition is already met when H ! 3D, as evident from the analysis of a single cylinder (Diez & Sobry, 1993) .] Using equation (28), reported in Appendix B, one ®nds that
and b(q, N, () de®ned by equation (29). The Porod plot of the observed intensity scattered by a monodisperse collection of cylindrical lamellae must behave asymptotically as
Though a closed-form expression of b(q, N, () is not available, it can be argued that also in this case the main peaks are approximately located at h k = 2k%aD, even though the approximation is now less accurate than for PLs and SLs. Finally, the heights of the main peaks increase, with N, as 4N 3 . It is now useful to look at the explicit behaviours of the asymptotic intensities scattered by the three kinds of lamellar systems. Fig. 2 shows a Porod plot of the asymptotic intensities relevant to PL (bottom), SL and CL (top) with N = 5 and ( = taD = 0.2. In each case the height of the maximum peak present in the ®gure has been scaled to one. Hence, the property that this height increases linearly with N 2 , N 3 and N 4 in the three cases is not evident in the ®gure. The horizontal dotted lines represent the Porod contributions, given respectively by N, N[(N + 1)(2N + 1)a3 À ((N + 1) À ( 2 ] and N(N + 1À () [see, respectively, equations (10), (8b) and (6a)], and each scaled by the appropriate factor. The important feature is, however, that around the mean peaks, the SL and CL intensities are much more structured (in the sense that the satellite peaks around some q k are as important as the main ones) than the PL intensities. Finally, the broken curves represent the enveloping curves for PLs and SLs, i.e. equations (14) and (17) scaled as above. (Despite what appears from the ®gure, for other ( values the enveloping curves turn out to be much less satisfactory for SLs than for PLs.) Fig. 3 allows one to appreciate the changes in the scattered-intensity behaviour for CLs in terms of different N values. The ®gure shows the Porod plot; the maximum peak height being normalized as in Fig. 2 , the N 3 increase is not observed. However, the ®gure makes it evident that the breadth of a peak decreases with increasing N. Moreover, it is also possible to appreciate the small deviations in the main peak positions from the reported q k values. Fig. 4 reports the Porod plots for CLs with N = 5 and different ( values. The drastic changes in the main-and satellite-peak behaviours appear evident. These general features also apply to the case of SL. Fig. 5 compares the behaviours at small h of the exact and the asymptotic intensities of two SLs with N = 2 and 5, respectively. From this and other ®gures (not presented here), it appears evident that the asymptotic behaviour is already satisfactorily obeyed once q = hD ! 2%aN. In other words, it is not necessary (but only suf®cient) that the condition ht > 2% be obeyed for the asymptotic expression to be accurate. This result is not surprising because interference effects among the lamellae of each grain make the intensity quite strong only around values q k which are fairly independent of t.
Conclusions
The leading terms of the intensities scattered from cylindrical, spherical and planar lamellae have been worked out on the basis of a general result which exploits the geometrical features of the interfaces. These expressions are given by equations (6e), (8a) and (10) and are represented by a sum of oscillatory contributions. The expressions have been simpli®ed and converted into expressions (18a), (16a) and (12a), respectively. For the three kinds of lamellar systems, the main peak positions are only related to lamellar spacing D. Information on t, N and the shape of the lamellar grain has to be looked for in the evolution of the main peaks with their order, in the breadth of the main peaks, the sharpness of which decreases going from SLs to CLs and to PLs (see Fig. 2) , and, ®nally, in the presence of strong secondary peaks, which are effectively present only for SLs and CLs. Clearly, these qualitative considerations can be used only in order to decide whether a best-®t procedure, based on equation (18a), (16a) or (12a), is worth carrying out or not. In the af®rmative case, the shapes of the satellite peaks will strongly constrain the best-®t analysis. Hence, in the case of a good agreement, one can con®dently rely on the Each curve has been normalized in such a way that its highest shown peak is equal to one; it has then been vertically shifted by 1.25 with respect to the lower peak. With these normalizations, the dotted horizontal lines give the corresponding Porod`plateau', while the broken lines are the envelopes resulting from equations (14) and (17).
resulting lamellar shape and sizes. Finally, recall that by the previous results, one could also consider shapes as CL wedges' and`SL cones', which are probably more realistic than CLs and SLs. Up to now it has been assumed that the considered lamellar systems are ideal, i.e. the interfaces are quite sharp, the electron density is constant inside each phase, the lamellar thickness and spacing are constant and the number of lamallae is constant. These conditions are only approximately obeyed in real samples, and one needs to estimate the relevant corrections. This task can be carried out by starting from expressions (6e), (8a) and (10). In fact, the presence of diffuse interfaces and microscopic¯uctuations in the electron density can be accounted for by the method of Ruland (1971) . A polydispersity in D and t can be taken into account by assuming, for D and t, a Gaussian distribution around two mean values " D and " t (Ciccariello & Sobry, 1998) , and a polydispersity in N can be discussed as by Shibayama & Hashimoto (1986) . We hope to report soon on the results of this analysis.
APPENDIX A The case of an SL grain can be solved in closed form. In fact, the electron density of the grain is given by nr n 2 À n 1 &r
elsewhere.
V X
The scattered amplitude is isotropic and is given by
In terms of the dimensionless units de®ned in x2.1, the scattered intensity is
The leading asymptotic term is The squared expression in (21b) can be written as
By developing the products and expressing each resulting product of two cosine functions as the sum of the two appropriate cosine functions, it is straightforward to show that equation (21b) coincides with equation (8a). In particular, the single sum in (21c) is equal to the sum of (8b), (8d) and of the single sum in (8c), while the double sum of (21c) is equal to the sum of (8e) and the double sum of (8c). The sum present in (20) can be explicitly evaluated by formulae 1.341.3 and 1.352.2 of Gradshtein & Ryzhik (1980) . By simple calculations one obtains
and
In order to locate the main peaks of the scattered intensity, it is convenient to report the explicit expression of the derivative present in (24). From (22) one obtains
The limit of a H qY NY ( as q 3 q k 2k%, with k an integer, is
when N is large. The aforesaid q k values approximately determine the positions of the main peaks of the observed intensity, scaled as in equation (16b), and the square of (26) times 2 yields the height of the corresponding peak, while twice the square of (21) gives an upper bound on the highest peak height. It is worth noting that the latter quantity increases with the fourth power of the number of lamellae N. [More accurate determinations of the main peak locations can be obtained by the perturbative procedure reported below equation (31) in Appendix B.]
APPENDIX B
Clearly, the asymptotic leading contribution to the intensity scattered by a CL grain must be a non-negative function. Its expression is given by (6e). From (6d) it is evident that contribution I b CL h cannot be negative. Thus, in order to prove the positivity of I asYCL h, it is suf®cient to verify that the sum of contributions (6a), (6b) and (6c) is non-negative. By some tedious algebraic manipulations, it is not dif®cult to show that 
30
A closed-form evaluation of this expression is not possible. Nonetheless, it can be expected that the main maxima of |b(q, N, ()| are approximately located at q k = 2k%, with k an integer, because the cosine contributions on the right-hand side of (30) become independent of m and, consequently, cancellation of terms, as m ranges from 1 to N, becomes impossible. A more accurate location of the main peaks can be obtained by writing q k = 2k% + k and by requiring that
where the prime denotes the derivative with respect to q. By expanding (31) with respect to k up to the ®rst-order term, one obtains a linear equation in k which, in this way, turns out to be determined as i.e. the maximum peak height increases with the third power of the number of lamellea.
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